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SUMMARY
Integrationfthevelocityprofile
Simmons
atthethroatofa flownozzle
yieldsthedischargecoefficientas a functionof theratioofboundsry.
layerthichessto thenozzlediameter.Thisratioisobtainedasa so-
lutionof theapproximatemomentumequationfortheboundarylayer.The
resuitingexpressionforthedischargecoefficientisthena functionof
theReynoldsnumberbasedonnozzlediameterandofthegeometryofthe
nozzle.Goodagreementis shownbetweenthisexpressionandpublished
?
erimentaldataonflownozzlesforReynoldsnunbersbetween104and
10 .
.
INTRODUCTION
-4
Whenan idealorfrictionlessfluidpassesthrougha nozzle,the
flowrateis a function’onlyofthepressuredrop,fluidproperties,and
nozzlegeometry.Forthemeasurementoftheflowrateof snactualfluid,
thisfunctionalrelationmustbemodifiedto includetheeffectsoffric-
tion. Thisis usuallydoneby introducinga “dischargecoefficient”,
whichisdefinedastheratiooftheactualmass-flowrate to the ideal
mass-flowrate. Evaluationofthiscoefficienthasbeensn experimental
problem,andtheresultshaveusuallybeenpresented intheformof em
empiricalcurveshowingthedischargecoefficientas a functionofthe
Reynoldsnuniber.
Inrounded-approachnozzleswithdischargecoefficientscloseto
unity,thefrictionaleffectsareconcentratedin thebourfkrylayer.A
methodof obtainingansmlyticalrelationamongthedischargecoefficient,
Reynoldsnumber,h thenozzlegeometryby utilizationf elementary
boundary-layerkeory ispresent;dhere&.-
-
ANALYSIS
Theactualrateofmassflowof a fluidthrougha nozzleis
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wa=/pudA (1) ‘
Theintegrationwillbe takenoverthecross-sectionalsreaattheplane 4
throughthepointofdownstreampressuremeasurement,hisplaneherein-
afterbeingtermedthe“nozzlexLt”.Allsyx!ibolssredefinedin appendix
A; thenotationisillustratedinfigure1.
Theidealmass-flowratethatwouldexistiftheflowwerecompletely -
isentropicis
Wi” Puo,n%l
Thedischargecoefficientforthecase
throughthecrosssectionisdefinedby
(2)
wherethedensityis constant
Wa ~
c= su—x— —dA
‘i ‘n ‘o,n
(3)
In orderto evaluatethisintegral,thevelocityprofileu/uo,nmustbe
knownoverthecross-sectionalsxea. Ifit is assumedthatthebouri@ry-
layerthicknessis smallcompsredwiththeradiusofthenozzle,thenthe
exactshapeofthevelocityprofileintheboundarylayerneednotbe
known.Forintegrationfequation(3),anyof severalfunctionscould
be usedas approximations.TheBlasiusolution(ref.2) isthebest
knownof these.However,formathematicalconvenienceinappendixB,
whichdealstiththeflowof gaseswithheattransfer,thefunction
wasselectedandwill thereforebe usedthroughoutthis anslysis. It
will be shownlatertobe a sufficiently close approximationto theve-
locity profileof a lsuE&wboundarylayerforpurposesofthis
investigation.
A boundsry-layerthickness 5 is definedby
y=15 for u/uo=l-e where 8 <<l
.
so that
()u- tanh b~ whereb = tmh-l(l-s)z (4)
—
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Uponsubstitutionf equation(4),writtenforthenozzleexit,
equation(3)maybe integrated;however,thesameresultismoreeasily
obtainedby introductionfthedisplacementboundary-layerthickness5*Z
whichisdefinedby therelation
(5)
Sinceit isassumedthat 5* cc r,theboundsry-layerbuild-upina
nozzlemaybe treatedasa two-dimensionalflow. Theboundarylayer
producesa blockingeffectequivalentto thereductioninareacausedby
thedisplacementthickness5*,sothattheeffectivexitareaof a noz-
zlewithradiusr is
Thedischsrgecoefficientisthereforegivenby therelation
(6)
(7)
Substitutionf equation(4) in equation(5)yieldsuponintegration
e?+.+z (8)
Therefore,
21n2%c.l-~y (9)
Theratio 5~r, of course,dependsontheflowconditionsandnozzle
geometry.ConsidernowvonK.&m&l‘smomentumequationfortheboundsry
layerforincompressibleflow(ref.1):
where ~ isthevelocityjustoutsidetheboundarylsyer.Theshearing
stressatthewall ‘c isgivenby
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Upon‘substitutingequation(4)endperformingtheintegrations,
equation(10)becomes
Equation(11)maybe integratedaftermultiplyingtwoughby 2%-2
(
in 2
where n=-22+ 1- )~ z , withtheresult
Thesolutionof equation(12)forthecasewhere U.= constant
willbe requiredlaterandis
,=s
x
‘rRex
(12)
l
4
.
(13)
Expressedintermsofthedisplacementthicknessby substitutionf
equation(8),thissolutionis
TheEHJMiussolutionfor this case (ref. 2) gives
Theclosesgreementjustifiestheuseofequation(4)to approximatehe
velocityprofile.Thetwoprofilesareshownwithmotherfrequentlyused
approximationi a dimensionlessplotinfigure2.
Forthegeneralsolutionof equation(12)thefunction~(x) is
required.Considertheconvergentsectionofthenozzleshowninfigure
1. An approximationmaybe obtain-for ~(x) forthissectionby
assumingtheflowtobe one-dimensionalandincompressible.For
--
?2s< z0<2’ z and Z‘ = D,by continuity
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Ifthisexpressionis
gratedbetweenthelimits
s
5
( )
-2
= ‘o)n 3 -2si+ (14)
used, equation(U) maybe numericallyinte-
x/z$= O and x/Z’= Ir/2giving
co.48b~1x= yJ--uti
z’
+f_
(15)
Rezf
Iftheboundarylayerisassumedto startat x/Z’= IT/4rather
thanat x/2’= O andequation(12) is integratedbetweenthe limits
X/z: = fi/4and X/t’ = z/2, thevalueoftheconstantinequation(15)is
notappreciablyCmedj thisidicatesthattheflowverynesrtheen-
trancehaslittlebfluenceontheboundary-layergrowthandtherebytends
to justifytheuseof equation(14).Moreover,ifthelin.esrrelation
%= ‘o,n(2x/fiZ’)is ‘bftr~f~ass~ed~ ~bstftuted~ equation(~)>
thevalueofthemnstantinequation(15)turnsouttobe 0.43,further
. indicatingthataccuratekncwledgeofthefunction~(x) isnotimportant.
l Theratio t&/r fortheentirenozzleisobtainedinthefollowing
manner:Thefree-streamvelocity~ isassumedtovsryaccordingto
equation(14)intheconvergentsectionandisassumedtobe constantand
equalto ~,n inthestraightsection.Theequivalentstraightsection
of lengthX’, whichproducesthesameboundary-layerthickness5 as
thatproducedby theconvergentsection,maybe obtainedby comparng~
equation(15)withequation(23)writtenfor x’,withtheresult
X’ = 0.23t’
Defining~= x’ + Z sndwritingequation(13)for ~ yield
5. b=-
=“
r
ReZ, .
or
(16)
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Substitutionfthisrelationinequation(9)givesforthedischsrge
coefficient
/
(17)
DISCUSSION —
Dischargecoefficientsfortheflownozzlesdescribedinreference3
werecalculatedfromequation(17). Thesevaluesareshowninfigure3
comparedwiththeexperimental
%
determinedvaluesreportedinreference
3. Inthersmge104< R% < 10 , thetheoreticalcurveiswellwithin
theregionofprobablerroroftheexperimentsllcurve;thisprobable
errorindischargecoefficientrangesfrom_W.002at R% =106 to-&O.01
at R% =104. Theoreticalcurvesobtainedinreference4 froma deter-
minationoffrictionfactorsarealsoshowninfigure3.
It istobe expectedthatequation(17)is validforonlya limited
rengeofReynoldsnumbers.Fornozzlesofthegeometryconsideredinthis
analysis(Z/D or 2‘/D,orboth,oftheorderof unity)at lowReynolds
nuuibers(R% c 103),equation(10)becomeslessvalidsinceitpresupposes
theboundary-layerthicknesstobe smallcomparedwithotherlengths
involved.At highReynoldsnunibers(R% > 106)theboundarylayerbecomes
turbulent,andequation(10)againbecomeslessvalid.
Equation(10),aswritten,is strictlyvalidonlyforincompressible
fluids;however,thetermsthatwouldbe addedto equation(10)to express
theeffectsof compressibilityarenumericallysmallcomparedwiththe
termsalreadyinthatequation.Moreover,thesetermswouldeffectonly
theboundary-layerdevelopmentintheconvergentsectionof thenozzle.
Hence,compressibilityshouldhaveonlya smalleffectonthedischarge
coefficient,md equation(17)maybe consideredvalidforgasesaswell
asliquids.
Equation(17),of course~becomesinapplicablewhenextremesinnoz-
zlegeometriesareapproached:When 2/D and 2’/D becomeverylarge,
theflowisfullydeveloped;when 2/D and 2’/D areverysmall,the
flowapproachesthatthrougha sharp-edgedorifice.
Formaximumaccuracyina fluid-flowmeasurementwitha flownozzle,
a calibrationf coursewouldbe required;however,equation(17)maybe
of valueinextendinga calibrationcurvethatcontainsexperimentaldis-
chargecoefficientshroughonlya smallrengeofReynoldsnun.ibers.
--
l
.-
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Theanalysisuggestsan approachtotheproblemofdetermining
changesinthedischargecoefficientsofflownozzlesforuseinmeasuring
J. theflowof gaseswhenthereisheattransferbetweenthegasessndthe
nozzlesurfaces.Thus,equation(3)couldbewrittenforthecasewhere
thedensityisvsriablethroughthecrosssection,by assuminga temper-
atureprofileaswellas a velocityprofile.A crudeassumptioncon-
cerningtheeffectofheattransferontheboundsry-layergrowthwould
appesrtobe adequateto showtheorderofmagnitudeofthechangestobe
expectedinthedischargecoefficientundertheseconditions.Theanal-
ysisforthiscaseispresentedinappendixB; however,thevalidityof
theresulthasnotbeenestablishedby experiment.
LewisFlightPropulsioIILaboratory
NationalAdvisoryCommitteeforAeronautics
Clevelsnd,Ohio,February14,1955
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SYM80LS
Thefollowingsymbolsreusedinthisreport:
cross-sectionalareaofnozzle
tand(l-e) b
8 ‘5
tam-q l-&)
dischsxgecoefficient
dismeter
lengthof straightsection
axiallengthof convergent
ofnozzle
sectionofnozzle
staticpressure
gasconstemt
Reynoldsnuriber
raiti.us
statictemperature
velocity
mass-flowrate
distancealongnozzlesurface
equivalentstraightlengthforconvergentsectionofnozzle
X’+2
distanceperpendicularto surfaceofnozzle
.
l
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boundary-layerthickness
displacementboundsry-layerthickness
a smallfraction
tiscosity
a
c
e
.
h
n
o
w
P density
T shesringstressatnozzlesurface
Subscripts:
actual
atendof convergentsectionof nozzle
effective
withheattransf=
ideal
nozzleexit
outsideofboundarylayer
nozzlewall
.-
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APPENDIXB
DISCBARGECOEFFICIENTSFORA GASAT A ~ DIFFERIEW!
FROMTHATAT NOZZLEWALL
Theactualrateofmassflowofa fluidthrougha nozzleis
Fora gasthatobeysthelaw
p = pRt
equation(Bl)maybe wi.tten
Theidealmass-flowrateforthiscaseis
and the dischargecoefficient is definedby
Fortheevaluationof this integralbotha velocity anda
profile will be assumed,withthe forms
uS= tanh (ay)
%
where y = 5 for u/~= 1-e and
*-%
to - tw = tszlh (ay)
(Bl}
(B2)
(B3)
temperature
t -t
where y=O for t=% and y=~ for ~
0-4=1-’”
(B4)
(m
.
(-.
.
l
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Theassumptionf thessne
l shapeforboththevelocityandReynoldsm.alogy.In eachcase
11
boundsry-layerthiclmess 5 ad the S-
temperatureprofiles is essentiallythe
theconstant
theboundaryconditions,hasthevalue
a _ ts,d$ (1-s)=
Uponsubstitutionofequations(B4)and
a,obtainedby insertionof
b
5
(M), equation(B3)maybe
integrated;again,however,thessmeresultismoreeasilyobtainedby
employmentof a displacement~oundary-layerthickness.Forthiscase
thedisplacementthickness5h tillbe definedby
Uponsubstitutionf equations(I@ and(=)
By analogyto thecaseofnoheattransfer,
*
c-l. ah n2+
Therefore,
(B6)
md integrations
(B7)
(E@)
If the assumptionismadethattheboundary-layergrowthisnot
appreciablyalteredby theheattransferandif thevslueof 5Jr for
thecaseofnoheattransfer(eq.(16) isinsertedinequation(B8),
thedischsrgecoefficientisgivenby
(B9)
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ln(to-&l
1-
where f(to,JtJ= “2- t;;%
Thefollowingtable showsthe v=iation of f (tJ%) ~th %, J%:
to,nhw f(to,JtJ
0.1 4.92
.25 1.72
.5 1.33
1 1.00
2 .72
4 .50
10 .29
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3. Bucklaad,B. O.: Fluid-MeterNozzles.‘1’rsns.A.S.M.E.,vol.56,no.
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Figure1.
- Dhgrm of nozzleUluatratlw notation.
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Figure 2. - Comparisonof variouavelocftyprofiles.
.
l
0,
<
E’
l.cil
,66
.96
.94
.92
.90
.66
.86
i+
1(7J 10’ 10=’ 10” lor
ReynoldB number, R%
Fi&17re 3. . CompnriBon of theoretical and experimental curveg for dischexgecce?ficientsa functions of Reynolds number, g
